Problem 1 (2,5 points) Consider the matrices

11 10
M=|1 0|, M=]0 1].
10 11

Suppose that M and M’ are the matrices associated with the linear mapping f : R? — R? with
respect to different bases:
e M is the matrix associated with f with respect to the bases By = {eq, ea} of R? and

By = {uy, uz, uz} of R3.

e M’ is the matrix associated with f with respect to the bases B} = By = {e1, ez} of R?2
and B = {v1, va, v3} of R%.
Moreover, suppose that v = u; + us. Obtain the matrix of change of bases from B} to Bs.

Ne are asked to obtain the matrix
B (\:V.]bz (%], [9]e.).

%, 8,

This means that e need +0 porite He
elements of By in  terms of B2 kle Hy
1o obtain this information from He modrices
M and M'

B\| ded; nition of associated madrices :

M= ((ﬂ (@l [f (@]5;) and

M= ( TR@)Is. (2@ sy ).

So we know how to write £(&) ond fe)



M ternu of B2 becounsc [f(€)352’ (Li)
and [$(&))e,- (%) are e olumns o f MK
and how to (orite ;(é‘) and :F[fz Ta
terms of P, becawse [ﬁ(h]ez (c) ord
[ ]a; = (:) are Hu wlumns of M.
(Lsif\% HuS infiormqﬁOm, we obfain Ho
ﬂPOLOOooM% cq_uah'om:

$)= I +Us+ Us= Wi +T4

£le)= & = Vo + Vs
Togethor with e equation ,=itla oo
we con find Ho 2xpressions of Vi T, Vs
in terms of i Up,Us (E',, in terms of B.J)

v, Vs = Wity Vi U +2W0; tUs
Vg = U -('IIL = vz = W Uz
Vo '\'q:b = Va = - U-z.



ﬂ\{fﬂ-fof&) P = i 9

62"—%‘2 & i ..i
i o5 ©

Problem 2 (2,5 points) Consider the linear mappings f : R> — R? and g : R? — RZ
Suppose that:

= () -} ()= ()95 )- ()

Find go f (?) UIs f injective? ;Is f surjective?

One of many ways to solve this problem
s to wnte

BRACRORY
Sl

be cowse 9ol is inear. |2 we are able
to find ?oi(io), Hun we can solve
fo( %of ?)




We now study he information rair/tn
avout .
A bosis for ker(g) is { (,z) }

1

50 f(i)z(g) Also ﬂii)=(11) (%i\fw).
Than




<

Notice #nat B:1(1), ()] is a bosts

of B o 1oe tnao M; < 0).
-2 D

M?B has onl\[ one pi\/lﬂ' wlumn and one

Pi\fo«\— oOw. So:

.f 1S necHax iniec{-f\/t nor .Sw:J'cc.ﬁ\f'C—

3 1 0 1
Problem 3 (2,5 points) Let A = 0 b 0|, x=1[0], a,be R. Determine the
a—1 0 -1 0
values a and b such that x is an eigenvector of A and A is not diagonalizable.

We have two importont data:
L)X i an eigenvector of A.
(2)A s not aliu%or\ali%abl-c.

From (1) we know

i o 2. i \e=— A= 3 (rwy)
(o) l’) (o) ) ( )_( ) < (0]
<d"| 0 =| c(; OLO—( O /e— a-1=0

(rows 3)



Wheye 2 S +Hhe u%e,vwdu,e associoted
wWith X. This means that A=3 and a=1.

Now we know Huat A?Ibio\
O b o

OO'U

and. $haf e ei%@r\vah;,q ave 3,b,-1

(because A is \-rian%ular).
Since A is not diagenalizable , we knew

ol Ho e_fca.envq\uq are not dishinet
(otherwise A is A(axzonqli%ab(t). So either
b=3 or b=-1L. \/\[e, amoh[ boHna cases:

Cose T b=23:
Since. B is neot Aia%«or\q,li%-abk./
dims £3< 2 & dim Es= 1 rank(p-31) = 2.




(Y&'\'\L(A’.'ﬁj:} = 0!\\\( e non-pivet o lumn )
|5 Hais krae Por b=37?

A2 -1 O 1 © 0
(v=3)

2
o O o0 |~ 0 pn |}
5 o 1 Y o o
and one(A-3T -2

So A is not d-l'a%or\a.\{%ab(t when b=3
ond O=1.

Cose IC b-——-y
A is not o{(a%anqli%able & dim Eq<2
& ronk (A+T)=2 .

5 His true foc b=-1 7

Atz = /4 4 O i 4 0
-y b 0 0 |~Fbo 0 B
b 0 0 -0 O



Comar i -l L peons
Mot A is olio%onqli?:alolt when b=-1
which is a wnbradicton. Thon b=-1
is discarded.

ln conclision: 10-1 and b=2

Problem 4 (2,5 points) In R*, consider the following subspaces:

T 1 «

_ Y 4. T—y—2z2+w=0 - 0 1
U= . e R*: rty—z—w=0 [ V., = Span N B , a€R.

w 0 -1

Determine the value of the parameter a such that Xja = U*L. For this value of «, find the
Remark: Use +he usual scalar product
L *
(N ‘R .

= Q O w

orthogonal projection onto U=, of the vector x = (

We can apprach +this problem beter i
we knew a basts for U.



M=k£Y<i-L -1 i)sSpom /1 ) D\
i § 4 -1

In order POY Vg o be cq_ua,\ +o l,l‘l'j each
element o} o basis of Vu must RDYHLDKGMJ
o each element of U
Notice hat (i)"\‘ W. Now, we compute
(X 1 -1 1) e \:o(-\

0

foc 1 - —|)/<\> \:O




Tharedor x= Ve i and only if

A= 1

Now, we compute on%%onal ProJecHon
of x onbo U- We need an @H-I/w%ona.l
basis for U Thy bosis we already have
(S not OYH\ncazona.\, SO LW Uk Qvam-SckmicH
4o Pind one:

Eu/i\

0]

.
ey_;/i\- ((1 ‘;@:lil;i)ei) e = /f \




So 5@-,67,3 S an orjr\/uoz,ona] basis for Ut

The, Of%%or\al Pro‘jtd—ion of X onio u+ 1S

e ._l__-'
e, ||* e, |*

o~ ‘;l_ El - i_z = ( i \
1 L =2

Nohce +hat XL U, so iy onswer is carrect.



